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Abstract. We develop an arithmetic analogue of elliptic partial differential 
equations. The role of the space coordinates is played by a family of primes, 
and that of the space derivatives along the various primes are played by cor- 
responding Fermat quotient operators subjected to certain commutation rela- 
tions. This leads to arithmetic linear partial differential equations on algebraic 
groups that are analogues of certain operators in analysis constructed from 
Laplacians. We classify all such equations on one dimensional groups, and 
analyze their spaces of solutions. 



1. Introduction 

1.1. Main concepts and results. In a series of articles (beginning with [5]), the 
first author developed an arithmetic analogue of ordinary differential equations 
(ODEs); cf. [S] for an account of this theory. The aim of the present work is to 
extend some of this theory to the partial differential case by considering arithmetic 
analogues of elliptic partial differential equations (PDEs). A different extension 
of the ODE theory, in the direction of parabolic and hyperbolic PDEs, was devel- 
oped by the authors in [101 E] ■ The work here relies on the ODE theory but is 
independent of [101 E] ■ 

Before explaining the main results of this paper let us put our present work 
in perspective. The general aim of this paper and of |10[ lllj is to pass from one 
variable to several variables. The independent variables we have in mind are of 
two types, the "geometric independent variables," whose number we denote by 
an integer di > 0, and the "arithmetic independent variables," whose number we 
denote by the integer d2 > 1. We would like to extend the ODE theory to a PDE 
theory in di + d2 independent variables. We explain this in some detail next. For 
convenience, we introduce a third integer parameter da > 1 to denote the number 
of "dependent variables" that may arise in pursuing the said extension. 

The ODE theory in [5l|9] corresponds to the case of + 1 independent variables, 
where the one independent arithmetic variable is represented by a prime integer p. 
The role of the derivative with respect to p is played by a Fermat quotient operator 
Sp that on integers a £ Z acts as 

a-aP 

OpCL ~ . 



P 

If we view this theory in a manner analogous to particle mechanics, as in then 
the prime p is the analogue of "time," and d^ is the dimension of the "configuration 
space." If we pursue the analogy with field theory instead, then p is the analogue 
of a "space" variable and c?3 is the dimension of the "space of internal states." 



During the preparation of this work, the first author was partially supported by NSF grant 
DMS 0552314. 
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The PDE theory in [TOl [TT] corresponds to the case of 1 + 1 independent vari- 
ables. The one geometric variable, g, is viewed as the exponential of "time," and 
the one arithmetic variable, viewed as the analogue of space, is represented, again, 
by a prime p. The derivative in the geometric direction is given by the usual deriva- 
tion 5q ~ qd/dq, while the role of the derivative with respect to p is again played 
by a Fermat quotient operator Sp. The main purpose of |10| was to determine all 
linear PDEs on the algebraic groups of dimension d^ = 1 (precisely, on the group 
schemes Ga, G„i, E, where E is any elliptic curve), and to study the solutions of 
all such arithmetic linear PDEs. In line with [SJE], these arithmetic linear PDEs 
are referred to as {Sp, Sq}-characters. They can be viewed as arithmetic analogues 
of evolution equations in analysis; for Gm, the basic examples are analogues of 
convection equations whereas for elliptic curves, the basic examples are analogues 
of convection, heat, and wave equations. In [llj . the one dimensional groups were 
replaced by modular curves. The resulting equations now can be viewed as arith- 
metic analogues of convection and heat equations. (Wave equations do not have 
analogues in the modular case.) 

In this article, we develop an arithmetic PDE theory in + d2 independent 
variables, where ^2 > 2, integer which for simplicity we now simply denote by 
d. We view the new equations as independent of the geometric time, but the 
analogue of the space coordinates is now a finite set 7 — {pi, . . . ,pd} primes. The 
space derivatives in the various directions given by the various primes correspond 
to Fermat quotient operators (5j> = {Sp-^, . . . , Sp^} that are subjected to certain 
commutation relations. 

Let us denote by the ring of fractions of Z with respect to the multiplica- 
tive system of all integers coprime to the primes in J'. Our first task is to define 
"arithmetic PDEs" with respect to (5y on a smooth scheme X over ^(y) of relative 
dimension c?3 > 1, which will not necessarily be of a linear nature. In the applica- 
tions will be taken to be 1. We proceed to explain the main ideas when in the 
scheme X is affine. 

Following the case of classical derivations [121 H], we would like to define our 
PDEs as "functions on jet spaces." Thus, we first construct arithmetic jet spaces 
dj>{X) of order r = (ri, . . . , r^) G Z'j_ (that is to say, of order with respect to 6p^. 
for all fc) by analogy with the case of derivations. When dealing with a single prime 
p, a p-adically completed version of these spaces was introduced and thoroughly 
analyzed by the first author in [5] [5] , and in a number of subsequent papers; cf. [3] 
for an exposition of this theory. In the case where the number of primes d is strictly 
greater than 1, our arithmetic jet spaces were also independently introduced in a 
recent preprint by Borger [2], where they were denoted by Wr*{X). 

As in turns out, in most cases the ring A of global functions on a jet space dy (X) 
does not contain "interesting elements" (e.g. functions that qualify as analogues 
of linear differential operators). However, we show that, for each of the primes 
Pk in y, we can construct "interesting" formal functions fk G A^'' , where A^'' 
is the pfc-adic completion of A. Further, we would then like to be able to say 
when certain families fi, ■ ■ ■ , fd of such formal functions "can be glued" together. 
Since the "domains of definition" of these fkS are disjoint (each fk is defined on a 
"vertical tubular neighborhood" of Spec A/ pk A), we need an "indirect" approach to 
the gluing of these formal functions. We propose here to do this "gluing" by some 
sort of "analytic continuation" between different primes, and proceed as follows. 
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We first fix a Z(y)-point P of X. This point can be lifted canonically to a ^(y)- 
point of 3y{X), and we still denote by P'' C A the ideal of the image of P^. 
Then, we declare that a family / = {fk) G 11^=1 can be analytically continued 
along P if there exists /o € A^"^ such that, for each k = 1, . . . , d, the images of /o and 
/fc in ^(P's'^'') coincide. Here, the superscripts mean completions with respect to 
the corresponding ideals. Intuitively, /q can be viewed as a formal function defined 
on a "horizontal tubular neighborhood" of the canonical lift to the jet space of our 
fixed point P X. This horizontal tubular neighborhood meets each of the vertical 
tubular neighborhoods transversally in one point, hence, in particular, the union 
of the vertical tubular neighborhoods with the horizontal one is connected and, 
actually, it "looks like a tree" so is morally "simply connected;" this justifies the 
terminology of analytic continuation. Families / that can be analytically continued 
along P will be referred to as -functions, and will be viewed as arithmetic (non- 
linear) PDEs on X. The analytic continuation concept really depends on the choice 
of P. However, we will provide a description of this dependence in the special cases 
under consideration. 

This can all be generalized to the case when X is not affine, though some extra 
difficulties have to be overcome. In the case when X is a group scheme G and 
P is the identity, the "additive" (Jy-functions will be called S^y- characters; morally 
these play the role of the linear arithmetic PDEs on G. Our main result is the 
determination of all (5y-characters on G = Ga, G = Gm, or G ^ E. (Here E is, 
again, an elliptic curve.) Indeed let Ck = (0, . . . , 1, . . . , 0) G Z^^, with 1 on the kth 
place, and let e = ei + • • • + = (1, . . . , 1). Then, in each of the 3 cases G = Ga, 
G — Gm, or G = E, the spaces of (533-characters are generated by a fundamental Jy- 
character of order se = (s, . . . , s), where s = 0, 1, 2, respectively. These fundamental 
(^j-character will be denoted by "00 = "^a; i'G — V'm; ^^'^ V'G — V'lf j respectively. 
(As a general convention, upper indices for PDEs stand for order.) In each of the 
3 cases we have decompositions 

(1) = (^/'jSfcV'pJ 

where tjjpk come from i5p^ -characters of G of order s = 0, 1,2, respectively (in the 
sense of the arithmetic ODE theory in [5]) and ipp^. come from are i5p^ -characters of 
Ga, where pk is the set Each -ipp^ is, loosely speaking, the product of the 

"symbols" of all i/jpi with I ^ k. These "symbols" are related to the Euler factors 
of certain corresponding L-functions. (The case G = Ga does not actually require 
L-functions; for G = Gm and G = E the L-functions are the Riemann zeta function 
and the Hasse-Weil L-function respectively.) The equality ([T]) will be viewed as a 
Dirac decomposition of ipc, cf. the next subsection for analytic analogues of this. 
Since one uses [5], the construction of tpc is global. The fact that tpc generates the 
space of (5y-characters will be proved by a purely local method based on results of 
Honda, Hill, and Hazewinkel; cf [T^. We will also show, in each of the 3 cases, that 
there are plenty of (Sy-characters that can be analytically continued along any of 
the Z(3))-points of G (although this is not true in general about ipG itself). Finally 
we will also show, in each of the 3 cases, that the solution group of ipa = in 
appropriate cyclotomic rings consists of the torsion points of G with values in those 
rings; this should be viewed as an arithmetic analogue of an analytic statement that 
says that the only harmonic functions (in an appropriate setting) are the constants; 
cf. the discussion in the next subsection. 
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1.2. Analytic analogues. When d — 2 (and G — G,n or G ^ E), our fundamental 
(5r-cliaracters V'G are arithmetic analogues of operators in analysis that are related 
to Laplacians. We explain here this analogy. 

Our fundamental (5y-character ^pf^ on Gm should be viewed as an arithmetic 
analogue of the partial differential operator 

(2) 1 

u ■0lz(w) := -Alogu = dzdglogu, 

where D C C is a domain, z = x + iy is the complex coordinate on D, and 
A = 9^ + is the Euchdean Laplacian. (Here dx,dy, dz,dz are the corresponding 
partial derivative operators.) Note that, like our arithmetic ■0^, the operator ■f/'fj 
is a group homomorphism and has a "Dirac decomposition:" 

which is analogous to the decomposition ([1]). Note that if we equip D and with 
their usual complex structure, and we equip with the conformal metric 
then ip'^g is an instance of the operator in |17| . p. 124 appearing in the theory of 
harmonic maps between Riemann surfaces. Also recall from 17 , p. 63, that for real 
positive u we have Alogu = —K^ ■ u^, where is the curvature of the conformal 
metric g — v?dzdz. If instead of D we take an arbitrary Riemann surface E then 
ci{g) := —-^Ku • u^dz A dz is the Chern form of the metric g. So our character 
can also be viewed as an arithmetic analogue of the operator 

, , -01; : {conformal metrics on S} {(1, l)-forms on S} 

Similarly, our fundamental (Jy-cliaracter ■0|f on an elliptic curve E can be viewed 
as an arithmetic analogue of an analytic operator that we now describe. Let D be 
a domain contained in the upper half plane {r = x + G C ; y > 0}. Let 
E = {D X C) / ^ where (ri, zi) ~ (t2, Z2) iff n = r2 r and 22 — 2:1 G Zt + Z. Let 
n : E D he the canonical projection (so E is the universal elliptic curve over D). 
Let C^{D, E) the set of aU maps a € C°^'{D, E) such that it oa = Id- Let log^; : 
-B ^ C be the (multivalued) map obtained by composing the (multivalued) inverse 
of the canonical projection D x C ^ E with the second projection D x C C. 
Then our arithmetic tps^ can be viewed as an analogue of the order 4 map 

i;l%:G^{D,E) ^ C^{D,C) 

16 

where A = 9^ + is the Euclidean Laplacian. (In order to see that this map is 
well defined, notice that if : Z? ^ C is a smooth map satisfying (^(r) e Zr + Z 
for all T G D, then there exist m,n G Z such that ip{t) = mr + n for all t € D and 
hence ip is in the kernel of d^d^.) The map is a group homomorphism, and has 
a "Dirac decomposition" 

(5) i^^/,{u) ^ dUMu)) ^ dUfifiu)) , 
where 

(6) Ht{u) ^ dllogEU, Hf{u) ^ d'^logEU. 
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This is again analogous to ([T]). The map /ir is the analytic expression of the Manin 
map in |21j . and is well defined because any map (p{t) = mr + n {m,n £ Z) is in 
the kernel of d^. Also, fif is well defined because any ip as above is in the kernel of 
9?. Note also that one could consider, in this analytic setting, the order 2 map 

(7) 1 

u 1-^ ^p'^;f{u) := jAlog^u = drdflog^u . 

(This map is well defined because any iplr) = mr + n is in the kernel oidrdf.) The 
map ij^lf does not seem to have, however, a natural "Dirac decomposition" and it 
has no arithmetic analogue. (The "obvious" candidate for a "Dirac decomposition" 
for analogous to (O, fails to make sense because the operator u i— > 9rlog^u 
is not well defined.) 

Let us recall that the Manin map [21] is an order 2 ODE map introduced by 
Manin for abelian varieties, in order to prove the Mordell conjecture over function 
fields. A different construction of this map was given in [1]. The construction 
in [3] has an arithmetic analogue which was introduced in [S], giving rise to an 
order 2 ODE arithmetic Manin map ipp^ . Our arithmetic PDE Tp'^ has a Dirac 
decomposition involving the operators tp^^ . 

Instead of the family E ^ D above we could as well consider a fixed elliptic curve 
Eq = C/(Zto + Z). If log^;^^ : i?o ^ C is the (multivalued) inverse of the canonical 
projection C — > -Bq, and I? is a domain in the complex plane (with coordinate 
w ^ X + iy) then we have a well defined map 

r^^:C^{D,Eo) ^ C^{D,C) 

(8) 1 

u ^ ^wwiu) ■■= ^ A log^;^ u = d^du, \ogE^ u , 

admitting an obvious "Dirac decomposition." There is an arithmetic analogue of 
this map which we are not going to discuss in the present paper because such a 
discussion would require developing our theory in a setting slightly more general 
than the one we have adopted here. In this more general setting, Q needs to be 
replaced by a number field F containing an imaginary quadratic field K. Then 
the analogue of Eq is an elliptic curve over F with complex multiplication by K, 
the primes in T are replaced by primes of F of degree one, where Eq has ordinary 
good reduction, and the L-function appearing is the L-function associated to the 
corresponding Grossencharacter. 

1.3. p-adic notation. Given a prime p G Z, we set 

Z(p) = localization of Z at (p) , 
Zp = ring of p-adic integers , 

notation that we use throughout the paper. Given a family T = {pi, . . . ,pd} of 
primes in Z, we set 

For each fc = 1, . . . , d, we set 

Pk = '?\{Pk} = {pi, . . . ,pfc_i,pfc+i, . . . ,Pd} • 

If ^ is a ring and / is an ideal, we let denote the completion of A with respect 
to /. If the ideal I is generated by a family of elements a, we shall write A° instead 



6 



ALEXANDRU BUIUM AND SANTIAGO R. SIMANCA 



of . In particular, for any prime p G Z, we have that is the p-adic completion 
of A. 

If X is any Noetherian scheme, we denote by the p-adic completion of X. 
For any ring A and family of primes J* = {pi, . . . ,pd} as above, we set 

1.4. Structure of the paper. In §2, we present our main concepts, in particular, 
the notions of (5y-jet spaces and (5y-characters. In §3, we state and prove our main 
results determining all the (Jy-characters on one dimensional groups. In §4 we 
present a number of remarks and open questions. 



Acknowledgement. The authors are indebted to J. Borger for discussions on 
Witt vectors and A-rings, and to D. Bertrand for correspondence on transcendence. 



2. Main concepts 

2.1. (5y-rings. For any prime p G Z, we consider the polynomial 

XP + YP - (X + Y)P 
Cp{X,Y) p ^ ^[^'^]- 

Let A be a ring and B an yl-algebra. For a e A, we denote the element a ■ 1b G B 
by a also. 

Definition 2.1. A map dp : A ^ B is a. p- derivation if 

, , Sp{a + b) = Spa + Spb + Cp{a,b) , 

^ ' 6p{ab) — aP 5pb + V 5pa + pSpaSpb , 

for all a,b G A. □ 
If 5p is a p-derivation, then the map 

(10) A B 

a ^ (f)p{a) := aP + pSptt 

is a ring homomorphism, and we have that 

(11) (l)p{a) = qP modp 
for all a G A. 

Conversely, let i/ip : A — > _B be a ring homomorphism satisfying (jlip. which we 
refer to as a lift of Frobenius homomorphism. Let us assume in addition that p is 
a non-zero divisor in B. Then (pp has the form (|10p for a unique p-derivation Sp, 

0(a) - gP 

dpG = , 

P 

and we have that 

(l)pSpa = 6p<j)pa 

for all a £ A. We say that 5p and (/)p are associated to each other. 

In particular, the ring A — Z, has a unique p-derivation Sp : Z —> given by 
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If pi and p2 are two distinct primes in Z, we now consider the polynomial Cp^.pj 
in the ring Z[Xo,Xi, X2] defined by 
(12) 

n fv V Y \ - Cp^{Xl\piXx) Cp,{XP\p2X2) Sp,p2 Sp^pi 

'-"Pi,P2l^0, Al,^2j •— ^2 ^ ^1 ■ 

Pi P2 P2 Pi 

Let us notice that 

(13) Cp„p, G (Xo,Xi,X2)™"{P-^'^>. 



Definition 2.2. Let V — {pi, . . . ,pd} be a finite set of primes in Z. A 5y-ring is a 
ring A equipped with pfc-derivations dp,, : A — s- A, fc = 1, . . . , d, such that 

(14) ^pAia - = Cp,,p, (a, (5p,a, (5p,a) 

for all a G ^, fc, Z = 1, . . . , c?. A homomorphism of 5y -rings A and _B is a homo- 
morphism of rings : A ^ B that commutes with the pfc-derivations in A and _B, 
respectively. □ 

If (/>pj. is the homomorphism (fTU]) associated to (Jp^, , condition implies that 

(15) '/'Pfc'/'p,(a) = 0P,0Pfc(a) 

for all a G A. Conversely, if the commutation relations (fT5|) hold, and the pfcS are 
non-zero divisors in A, then conditions (|14p hold, and we have that 

for all a G A. 



Remark 2.3. The concept of a "lift of Frobenius" homomorphism that is the basis 
for the definitions given above, is classical and goes back to work of Frobenius, 
Chebotarev, and Artin on number fields. It plays a key role in the theory of Witt 
vectors (in particular, in crystalline cohomology), and it resurfaced in the context of 
ii'-theory through Grothendieck's concept of lambda ring; cf. |13[ [T4l [23l [T8l [3] for 
this circle of ideas. This concept was taken in [3 [H [9] as the starting point for de- 
veloping an arithmetic analogue of ordinary differential equations on commutative 
algebraic groups and on moduli spaces (such as modular curves, Shimura curves, 
and Siegel modular varieties). In this article, we aim at extending these ideas to 
the partial differential case (at least for one dimensional algebraic groups). □ 

Remark 2.4. Let A be a ^y-ring. Then for all fc, the p^-adic completions A^'' 
arc (5y-rings in a natural way. For ^p, extends to A^'' by continuity. The condition 
(j}p^, a = aP'' mod pk in A^"*" holds by continuity, while the condition i/ip, a = a^' mod 
Pi in AP'' holds because pi is invertible in A^'' . □ 

We let Z+ = {0, 1, 2,3,.. .}, and let Z^ be given the product order, defined by 
declaring that 

r = (ri, . . . ,rd) < r' = {r[, . . . ,r^) 
if rk < rj. for all k — The weight |7'| of the d-tuple r is defined by 

kl — ^j- Finally, we let Ck be the element of Z!j_ all of whose components are 

zero except the fc-th, which is 1. 

In more generality, we have the following: 
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Definition 2.5. A 5y -prolongation system A* ~ [A') is an inductive system of 
rings indexed by r G Z"^ , provided with transition maps (prr' : A^ ^ A^ for any 
pair of indices r, r such that r < r' , and equipped with pfe-derivations 

6p, : A' ^ A'+"' , 

k = 1, . . . ,d, such that (|14p holds for all k, I, and such that 

Vr+ek,r'+ek ° ^Pk = ^Pu ° "Prr' : A'' ^ A' 

for all r < r' and all k. A morphism of prolongation systems A* — > S* is a system 
of ring homomorphisms : A'' that commute with the fs and the i5s of A* 

and B* , respectively. □ 

Any <5y-ring A induces a Jy-prolongation system A* where A^ = A for all r and 
if =identity. If A is a (5y-ring and A* is the associated Jy-prolongation system, we 
say that a Jy-prolongation system B* is a S'j' -prolongation system over A if it is 
equipped with a morphism A* —> B* . We have a natural concept of morphism of 
i5gj-prolongation systems over A. 

Example 2.6. Let C Z be a multiplicative system of integers coprime to 
Pi, ■ ■ ■ ,Pd, and let Z5 = S^^Z be the ring of fractions. Given an integer m co- 
prime to pi, . . . ,Pd, let Cm = exp (^ ^^'{^ ^ ■ We consider the ring A — Zs[Crn]- Let 
(/)pj, . . . ,(j>pj G G(Q(Cm)/Q) = (Z/mZ)^ be the Galois elements corresponding to 
the classes oi pi, . . . ,pd, respectively. Then (pp,^ (a) = a^*" mod pk ior k = 1, . . . , d 
and a Cz A. Thus, A is a 5j>-ring with respect to the p^j-derivations Sp,, associated 
to the 4>pf.s. □ 

From now on, Aq will denote a 6y-ring that is an integral Noetherian domain of 
characteristic zero, with fraction field Kq . Notice that Kq has a naturally induced 
structure of -ring. 

Example 2.7. Let A — v4o[[g']] be the power series ring in the indeterminate q. We 
let 

cj>p^:A^A 

\ <k < dhe the family of homomorphisms defined by 



I'Pk 



k = 1, . . . , d. Then, as before ^ is a (5y-ring with respect to the pfc-derivations 5p^. 
associated to the (pp^s. 

Let X be an n-tuple of variables. We consider n-tuples of variables Xi indexed 
by vectors i = (ii, . . . ,id) in Z'^. We set x = a;(o,...,o)7 ^9 — Sp\ ■ ■ - ^jf^^ and 0?p = 

Vpi Vpi 

Let Kq{x} be the ring of polynomials 

Kq{x} ■.= Ka[x, : leZ'l] 

with Xo-coefficients in the variables Xi. We extend the homomorphisms (f)p^. : ^0 ^ 
Aq to ring endomorphisms cpp^. : Ko{x} — > Ko{x} by the formulae 

so that Xi — (jfyX for all i. Clearly (j)p^(j)p^{a) — (j)p^(j)p^{a) for all a S Kq{x}, and 
all fc, I. If we consider the pfc-derivations 5p^ : Ko{x} Kq{x} associated to the 
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0p^s then Ko{x} is a (5g>-ring. Notice that Ko{x} is generated as a i^To-algebra by 
the elements 6yX, i £ Z5[: 

Example 2.8. We define the ring of 5-j>- polynomials Ao{x} to be the ^o-subalgebra 
of Ko{x} generated by all the elements S^x: 

Aq{x} ■.= AQ[6tpx: iel^]. 

Notice that Ao{a::} is strictly larger than the ring A^lxi : i £ Z'J^]. And notice also 
that the family {Slj, : i € is algebraically independent over Aq, so Ao{a^} is a 
ring of polynomials in the "variables" 61pX. 

The ring Ao{x} has a natural structure of 5y-ring due to the following: 

Lemma 2.9. We have that 6p^Ao{x} C Ao{x} for k — 1, . . . ,d. 

Proof. By (|2.ip . the sets Sk {a € Ko{x} : Sp^a £ Aq{x}} are Ao-subalgebras 
of Ko{x}, so it is enough to show that 5yX £ Sk for all i and k. We use the 
commutation relations (fT4|) to check this by induction on (i,fc) e Z^J. x Z+ with 
respect to the lexicographic order. □ 

Example 2.10. Proceeding exactly as in Example 12.81 the system 

Ao[6lj,x : i <r] 

has a natural structure of 5y-prolongation system. □ 
Example 2.11. Let T be a tuple of indeterminates, and let 

A'' ^ Ao[[5^T : i<r]]. 

Then, the structure of (5y-prolongation sequence in Example l2.10l induces a structure 
of (5y-prolongation sequence on the sequence of rings {A^). Indeed, the pfc-derivation 
5p^ sends the ideal 

Ir := (S'yT : i<r)cA'' 
into the ideal Ir+e, C A'+'"'; d. 1^. □ 

2.2. (5y-jet spaces. As in the case of a single prime [S], we now have the following 
existence result for a universal prolongation sequence. 

Proposition 2.12. Let A'^ be a finitely generated Ao-algebra. Then there exists 
a S^p -prolongation sequence A* over Aq, with finitely generated over Aq, sat- 
isfying the following property: for any Sj> -prolongation sysytem B* over Aq and 
any AQ-algebra homomorphism u : A^ ^ , there exists a unique morphism of 
5y -prolongation systems u* : A* ^ B* such that = u. 



Proof. We express the finitely generated algebra A° as 

^0 _ M^] 



if) 

for a tuple of indeterminates x, and a tuple of polynomials /. Then we set 

{S'yf ■.i<r) 

Using Example 12.101 and the identities (fT4|) . we check easily that A* = (A^) has the 
universality property in the statement. □ 
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Definition 2.13. Let X be an afRne scheme of finite type over Aq. Let A'^ = 0{X) 
and let A'^ be as in Proposition 12. 121 Then tlie scheme 

:= SpecA"^ 

is called the Sy-jet space of order r oi X . □ 
By the universality property in Proposition 1 2 . 1 2l up to isomorphism the scheme 
35, (X) depends on X alone, and is functorial in X: for any morphism X — > y of 
affine schemes of finite type, there are induced morphisms of schemes 

Remark 2.14. In the case when f consists of a single prime p, the p-adic comple- 
tions of the schemes 'ip{X) were introduced and thoroughly studied in [5l|6l[9]. For 
arbitrary y, the schemes 2iy{X) above were independently introduced by Borger in 
[2], where they are denoted by Wr*{X). 

Lemma 2.15. Let X be an affine scheme of finite type over Aq and letYcX be 
a principal open set of X , 0{Y) ^ 0(X)/. Then 0(35,(y)) ~ 0{d'rp{X))f^ where 
fr = ni<r '^?p(/)- -^^ particular, the induced morphism 3ji{Y) 3j>{X) is an open 
immersion whose image is principal, and if we view this morphism as an inclusion 
and Z C X is another principal open set, then we have that 

Proof. We can check easily that 0{3^{X)) has the universality property of 
0{3j>{Y)). The (5pj. -derivations on 0{3^{X)) are defined via the formula 

/a\ ^ bP-6p^a - gP'-SpJ 
"^Kb) bPcbpAb) 

□ 

Definition 2.16. Let X be a scheme of finite type over ^o- An affine open covering 

ni 

(16) X^\JX, 

1=1 

is called principal if 

(17) Xi n Xj is principal in both, Xi and Xj, 

for all i, j = 1, . . . , m. 

Let c = {Xi}^i be a principal covering of X. We define the 5y-jet space of 
order r of X with respect to the covering c by gluing 3y{Xi) along 3j>{Xi H Xj)^ 
and denote this jet space by 3^ y{X). □ 

In the case when X is affine, we may use the tautological covering c of X, that 
is to say, the covering of X with a single open set, the set X itself. Then the space 
3^ y{X) coincides with the space 3y>{X) of Definition 12. 131 

Notice that any quasi-projective scheme X admits a principal covering. 

Remark 2.17. Generally speaking, the scheme 3^ y{X) in Definition l2. 161 depends 
on the covering c. For instance, \i X = SpecAo[a;] is the affine line, we may 
consider the principal cover c consisting of the two open sets Xq = Spec Ao[a;, l/cc] 
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and Xi ~ Spec^o[a;, ^/{x — 1)], respectively. Then, if T = {p}, the scheme 3~ ■j>{X) 
is the union 



(18) SpecAo 



. 1 



U Spec ^0 



e 1 

X ^ Op X ^ 



(x - l){xP +pSpX - 1) 



^ ' x{xP + p6px) 
inside the plane 

(19) Spec Ao[x , 6px] , 

while the scheme dj>{X) corresponding to the tautological covering c of X is the 
whole plane p^ . But the union (|18p does not equal this plane. For the i^o-point 
of with coordinates x = 0, SpX ~ l/p does not belong to ^5)1 . 

This phenomenon is similar to problems encountered in |12[ I16[ |2] and, as in 
loc.cit., there are ways to fix this anomaly at the cost of developing more technology. 
For our purposes here, these covering dependent rudimentary definition of jet spaces 
will be sufficient. Indeed some of the basic rings of functions that we are going to 
consider will be independent of the coverings; cf. Proposition l2.22l However, let us 
observe that the endofunctor X 3j,(X) on the category of affine schemes of finite 
type over Aq that we consider here has been extended in [2 to an endofunctor on 
the category of algebraic spaces over Aq. □ 

Remark 2.18. If X is a closed subscheme of a projective space over Aq, then X 
has a natural principal covering c where the open sets are the complements of the 
coordinate hyperplanes. We may thus attach to X the scheme 3ly{X) correspond- 
ing to this cover. In general, such a definition depends upon the embedding of X 
into a projective space. □ 

Remark 2.19. When 7 — {p} consists of a single prime p, then the p-adic comple- 
tion 3c -pi^y (cf- the notation in i jl.3p coincides with the p-jet space Jp{X) over 
Zp in |5ji9j, and therefore, it depends on X only and not on the covering c. For 
y — {pi, . . . ,pd}, we obtain natural morphisms 

3=:;^{xr^3i^pjx) 

for each j G Z_|_, and consequently, natural morphisms 

(20) 3:,Axr - 3::^^ixr - si^^p^yi^r - • 

□ 

Remark 2.20. Let X be an affine scheme with its tautological cover c. Then 
the system {0{3^ {X))P'') has a natural structure of Jy-prolongation system. It 
has a universality property analogue to that in Proposition 12.121 with respect to 
(Jgj-prolongation systems B* of pfc-adically complete rings. □ 
We have the following structure result for p^-adic completions of (5y-jet spaces. 

Lemma 2.21. Let us assume that X — Spec^*' is affine over Aq, and let Aq[T] — > 
be an etale map, where T is a tuple of variables. Consider X with its tautological 
cover. Then there is a natural isomorphism 

(21) Oi3UX)r ^ {(^^<r-rkekAf)[S|,JlT : j>l, z+je^ < r]^ , 

where A^ ~ A'^ , and (g) — C^^Aq- 
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Proof. If A° = Ao[x]/{f), we set A° Ao[(j>lpx]/ {(f>lpf). Then we can check that 
the right hand side of ([2T|) has the universahty property of the left hand side, as 
explained in Remark 12.201 For this, we need to use the fact that pi is invertible in 
any p^-adic completion, I ^ k, and use the argument in Proposition 3.13 in f9l. □ 

Proposition 2.22. Let us assume that X is a smooth scheme of finite type, quasi- 
projective and with connected geometric fibers over Aq — . Let c and c' be two 
principal coverings of X , and2)^^y{X) and 3]ii 'j>iX) be the corresponding jet spaces. 
Then, there is a natural isomorphism 

Thus, we may drop the covering from the notation and denote the isomorphism 
class of rings 0{Sly{X)P^) simply by 0{3'y{X)P^). 

Proof. Let us assume that X = Spec A" has an ctalc map to an afhne space over 
7 and consider a covering X — UXj where Xj — Spec^°^. . We let Y — 3y{X) 
and Yj — 3y{Xj) be the jet spaces corresponding to the tautological coverings 
of X and Xj, respectively, and set U = UYj. We claim that the restriction map 
OiyP^) — > OiU'P'') is an isomorphism, fact that is easily seen to imply the statement 
of the Proposition. 

For the proof of this claim, it is enough to check that the map 0(Y) 0{U) 
is an isomorphism, where Y := Y ® Fp^ and U := U ® Fpj., respectively. Observe 
that Y is smooth over Fp (cf. Lemma [2.211) . and that U is an open subset of Y (cf. 
Lemma r2.15|) . Thus, it suffices to check that Y\U has codimension > 2 in F. By 
Lemmas 12.211 and I2.15[ we have identifications Y ^ X x and Yj — Xj x A^, 
where A** is the affine space of dimension b over Fp^ , and X° and X°j are the a-fold 
products of X and Xj, respectively. Let us set Hj = X\Xj. We may assume that 
all the HjS are non-empty and different from X. So each Hj is a hypersurface in 
X. We have that 

l<.ii ,....ia^a 

where 

= {{Pi, ...,Pa)ex" : P,,e Hk, l<k<a}. 
Now, if ii = ■ ■ ■ — ia then Si^,,,,^i^ — 0. On the other hand, if at least two of 
the indices ii,. . . ,ia are different, then Si-^^,,,^i^ has codimension > 2 in X". This 
implies that Y\U has codimension > 2 in Y, as desired. □ 

2.3. (5y-functions. We would like to see now how we can "glue" elements in various 
completions of a given ring. We achieve this through the following definitions. 

Definition 2.23. Let ^ be a ring, / be an ideal in A, and T = {pi, . . . ,pd} be a 
finite set of primes in Z that are non- invertible in A/ 1. We say that a family 

d 

(22) / = (A) e n 

k=l 

can be analytically continued along I if there exists fo € A^ such that the images 
of fo and fk in the ring A^^'"-^'' coincide for each k = 1, . . . , d. In that case, we say 
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that /o represents f. li X = Spec A, we denote by Oi^y{X) the ring of famihes ((22|) 
that can be analyticaUy continued along /. □ 

From this point on, the 5y-ring Aq under consideration will be just Zfy-) . Cf. the 
notation in [JTTSl 

Given a Z(y)-point P : SpecZjjj) X, by the universality property, we obtain 
a unique lift to a point P^ : SpecZ(y) 3y{X) that is compatibly with the action 
of (5y. 

Definition 2.24. Let X be an afhne scheme of finite type over Z^yj, P be a Zj-y)- 
point P : SpecZjy) X, and P^ : SpecZfy) d^{X) be its unique lift compatible 
with the action of Jy. By abuse of notation, we also denote by P^ C 0{dj>{X)) 
the ideal of the image of P^ . By a S'p -function on X that is analytically continued 
along P we mean a family 

d 

(23) / = (/fe) e n 0(35>(^)r 

fe=i 

that can be analytically continued along P^. We denote by Op rp{X) the ring of all 
(Jjj-functions on X that are analytically continued along P. □ 
Let us recall that by Definition [2^ if / = {fk) € l\t=i 0(3?p(^))^ is analyti- 
cally continued along P there exists an element 

fo e oirAxyr 

that represents / such that the images of fo and in 

coincide for each k — 1, . . . , d. Thus, the the ring of all (5y-functions on X that are 
analytically continued along P is 

In the next section, we shall encounter natural examples of families (j23p that can 
be analytically continued along a point P but not along others, as well as examples 
of such families that can be analytically continued along any point. 

Under very general hypotheses on X and P that suffice for our applications, this 
analytical continuation concept admits a practical description that we now explain. 

Definition 2.25. Let X be a smooth affine scheme over Z(y). A Z(y)-point 
P : SpecZ(33) X of X is called uniform if there exists an etale map of Z(3))- 
algebras Z(y) [T] 0{X), where T is a tuple of indeterminates, such that the ideal 
of the image of P in 0(X) is generated by T. We refer to T as uniform coordinates. 
Then T is a regular sequence in O(^), and the graded ring associated to the ideal 
(T) in 0(X) is isomorphic to Z(y)[T]; cf. [22], p. 125. We have that 

0(Xf ^Z(a>)r]], 

and similarly that 

o(x)(^^)^Zpj[r]]. 

For a general scheme X , we say that a Z(y)-point P of X is uniform if there exists 
an afhne open set Xi C X that contains P such that P is uniform in Xi. □ 
Uniformity is a property that holds "generically" in the following sense: if Xq 
is a smooth scheme over Q and Pq is a Q-point of Xq, then there exists an integer 
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> 1 and models Xz[i/jv]i P%{\IN\ over Z[l/A^] such that, for any set of primes T 
that are coprime to A^, the induced point Pii^y-^ of ^Z(3,) is uniform. 

Remark 2.26. Let X be a smooth afhne scheme with connected geometric fibers 
over provided with its tautological cover, and let P be a uniform point with 
uniform coordinates T. We consider the corresponding etale map Z(y)[T] — * 'Q{X), 
and let t be the tuple of indeterminates ((5yT)i<r. By [2], Proposition 8.2, the map 

Z(a.)M^0(a5,(X)) 

is etale, and in particular, the r-jet space is smooth over If^y^. Once again, 

we let be the canonical lift of P. Then P*" is uniform with uniform coordinates 
t. By Definition 12.251 we have that 

Hence, by Definition 12.241 a family 

d 

(24) / - (/fc) e n 0(aT(^)r 

fe=l 

is a (5y-function on X that is analytically continued along P if there exists /o G 
Zjy) [[i]] such that the images of /fc and /o in Zp^ [[t]] coincide for each k= 1, . . . , d. 
Notice that such an /o is uniquely determined by /. □ 

Definition 2.27. Let be a smooth quasi-projective scheme over Zjy) with 
geometrically connected fibers, and let P be a uniform point in some affine open 
set X\. Let us denote by Opy(X) the preimage of Oprp(Xi) via the restriction 
map 

d d d 

n oiduxr - n o(a'T(^ir) = n ^^i^uxiyr . 

fe=l fc=l k=l 

Elements of this ring Op ^(X) are referred to as 6y -functions of order r on X that 
are analytically continued along P. We define the ring of 6y -functions on X that 
are analytically continued along P by 

O^y(X) :=limO^,y(X), 

with its natural (5y-ring structure. □ 

Example 2.28. Let X = A" = Spec Z(y') [T] be the affine space of dimension n over 
Z(3)), where T is an n-tuple of indeterminates. We let P be the zero section, and 
let t be the tuple of indeterminates {dyT)i<r- If Vp^ denotes the p^-adic valuation, 
then 

for each k} . 

IjI^oo 

□ 

Remark 2.29. Let u : X ^ Y he a. morphism of quasi-projective schemes over 
Zjy-). Assume that X and Y are smooth with connected geometric fibers. Let P 
be a uniform point of X such that u{P) is a uniform point of Y. Then there is a 
naturally induced homomorphism 

u : Ol^P^^^iY) ^ O^P^^X) . 
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□ 

Remark 2.30. By Lemma [2.211 it follows that if X is a smooth quasi-projective 
scheme with connected geometric fibers over and P is a uniform point of X, 

then the induced homomorphisms 

are injective. In particular, the homomorphism 

is injective. □ 

Definition 2.31. Let X be a smooth quasi-projective scheme over 'L{rp) with 
geometrically connected fibers, and let P be a uniform point of X. We consider a 
(Jj-function of order r analytically continued along f = (f^.) e Oprp{X). If A is 
a Jy-ring over Z(3)) , then there is an induced map of sets 

/a : X{Aj,) Ay , 

where Ay = J|^P'= (cf. the notation in H1.3p . defined as follows. Let Q — (Qk) G 
X{Ay) ^ nLi X{AP^) be a point. Since each Ap^ is a Sy-iiug (cf. RemarkEl), by 
the universality property of 6y-jet spaces the morphism Qk : Spec A^''-' X lifts to 
a morphism Q^, : Speol^'' — > 3c y{^)i where c is any principal covering. Since A^'' 

is pfe-adically complete, we obtain an induced morphism Q^. : Spf A^'' — > 3c yi^Y'' j 
and therefore a homomorphism 0{3y{X)P'') — > A''''. We denote the image of fk 
under this last homomorphism by fkiQk)- Then 

/a(Q) := {fkiQk))eAy. 

□ 

Using the map /a of Definition l2.31] above. we may speak of the space of solutions, 

Notice that the definition of Ja is functorial in A. For if A ^ P is a morphism of 
(Jy-rings, then the corresponding maps Ja and /s are compatible with each other. 

2.4. iJy-characters. Let G be a smooth group scheme over 'L{y) with multiplication 
fj. : G X G ^ G. Here, x = XZ(j,). If G is affine, by the universality property we 
have that 3y{G) is a group scheme over 'L{y). In the non-affine case this is not a 
priori true because our definitions are covering dependent. However, we attach to 
this general situation a formal group law as follows. 

Let Z be the identity SpecZ^j) — > G, and assume Z is uniform, with uniform 
coordinates T. Then ZxZcGxGisa uniform point with uniform coordinates 
Ti , T2 induced by T . We have an induced homomorphism ^(y) [[T]] — > Z(j>) [[Ti , ^2]] 
that sends the ideal (T) into the ideal (Ti, Pj)- By the universality property applied 
to the restriction Z(33)[P] — > Z(j.) [[Pi, P2]], we obtain morphisms 

1(y)[8^T ■.i<r]^ ■L(^y)[[5^T^,5lpT2 : i < r]] 

that send the ideal generated by the variables into the corresponding ideal generated 
by the variables. Thus, we have an induced morphism 

We call S'' the image of the variables {5j,T : i < r} under this last homomorphism. 
Then the tuple S'^ is a formal group law over Z(y) . 
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Definition 2.32. Let G be a quasi-projective smooth group scheme over Z(y) with 
geometrically connected fibers. Let us assume that the identity is a uniform point. 
Then there are homomorphisms 

induced by the product fi and the two projections. We say that a (Jy-function 
/ e 0^ of order r on G that is analytically continued along Z is a 5y -character 
of order r on G ii 

fJ'*/ = pr*if + pr2f ■ 

We denote by Xy(G) the group of (Jy-characters of order r on G. We define the 
group of Sy -characters on G to be 

X^(G) :=liniX;(G). 

□ 

By Remark I2.30[ the condition that / be a (Jy-character of order r on G is that 
there exists 

/o eZ(y)[[<5^r: i<r]] 

that represents / such that 

(25) fo{S'{Ti,T2)) = /om) + /o(T2) . 

Here, S'^ is the corresponding formal group law, and fo{T) stands for /o(. . • , SyT, . . .). 

The group X.y{G) of (5y-characters of order r on G is a subgroup of the additive 
group of the ring 0^ y(G). The group X!p'(G) of Jy-characters on G is a subgroup 

For any (^y-character tp £ X3,(G) and any (5y-ring A, there is an induced group 
homomorphism 

(26) : G{Ay) ^ A, , 

where is viewed as a group with respect to addition. We may therefore speak 
of the group of solutions Kert/^yi. 

Once again, the mapping A t-* ipA is functorial in A. 

Definition 2.33. Let P be a Z(gj)-point of G. We say that a (Jy-character ip £ 
Xy(G) can be analytically continued along P ii ip G Opy(G). □ 
By the mere definition, any Jj-character can be analytically continued along the 
identity Z. Later on we will address the question of when a i5y-character can be 
analytically continued along points other than Z. 

3. Main results 

In this section we determine all the Jy-characters on the additive group Ga, the 
multiplicative group G„i, and elliptic curves E over ^(y). 

3.1. The additive group. We consider the additive group scheme over Z(y), 

Ga ■— SpecZfjj) [x] . 
The zero section is uniform, with uniform coordinate T = x. We have 

0(a5>(Ga)) = i<r]. 
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Let us consider the polynomial ring 

where / := {1, . . . , d}, 3Nf is the monoid of the natural numbers generated by 7', and 
the 0p,s are commuting variables. For i — {ii, . . . G Z^J. we set = p^^ . . .p^. 
If n = we set (j)n = ipy — • ■ • (t>^p^ ■ We will view the ring Z(3)) [(/)j>] as the ring 
of symbols; cf . [10] . Let r G Z^j. and 

■0 := ^ Cn4>n e Z(g))[0y] • 

We may consider the element tp = V'a; G C)(3'^(Gq)) and identify it with an element 

d 

fc=l 

via the diagonal embedding. Then ij: clearly defines a iSjj-character on Gq . We will 
usually identify ^ and 

As we see now, the following result is easy to prove for the additive group. Later 
on, we shall prove a less elementary analogue for the multiplicative group Gm, and 
for elliptic curves. 

Theorem 3.1. Let tp be a S^p- character on Gq of order r. Then 

(1) ip can be uniquely written as = ijjx with 

V' = c„0„)a;, c„ G Z(y). 

(2) ^ can be analytically continued along any 'Z(^yy point P ofGa- 

Corollary 3.2. The group of 6y- characters X!p^(Ga) is a free 'Ij(^y^[(j)y]-module of 
rank one with basis x. 

Proof of Theorem 13.11 Let e Xj,(Ga) be represented by a series ipQ S 
Z(^y^[[SyX : i < r]]. We view ipo as an element of 

Q[[SipX : i<r]]^ Q[[(l)yX : i < r]] . 

We have that 

'lpo{...,(l>}pXi+4>}pX2,.-.) = 1po{. . . ,(j>'y{xi + X2), ■ . ■) 

= tpoi- ■ ■,<l>yXi, ...)+ 1po{. . .,<j)yX2, ■■■). 

Then it follows that ipo = J2 ^n'PnX with c„ e Q. 
Now notice that 

4>nX = mod {5yX : i < r) 
in the ring Qld^x : i <r]. We get that 

It follows that c„ € Z(j>), and the first assertion is proved. 

The second assertion is obvious. □ 
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3.2. The multiplicative group. We now consider the multiplicative group scheme 
over Z(y) , 

G,n Spec Z(y) [x, X^"'"] . 

The zero section is uniform, with uniform coordinate T ^ x — I. 
We recall that the formal group law S° corresponding to T is 

gO(Ti,r2) = Ti + r2 + riT2, 

and the logarithm of this formal group law is given by the series 

^-^ n 

n—l 

By Lemma [2.151 we have that 

1 



For each k, we consider the series 



SmX, ■ , , : i < r 



and the element 



Pi / — n 



Here Ik ■= {1, . ■ . , d}\{k}, 'Nk is the monoid of the natural numbers generated by 
Pk := 3'\{pfc}, /i is the Mobius function and the 4>p^s are commuting variables. We 
then may consider the family 



fc=i 

where e = Ci + ■ ■ • + — (!,...,!). 

Theorem 3.3. The family {ippk'>Ppk) 5's>- character of order e on 
We denote this Jy-character by 

(27) V™eX^y((G™). 
Proof. We notice that 

(28) (1 + T) - 5p,T + Cp, (1, T) e (T, 5p,T) c Zp, [[T, S^^T]] . 
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Then the image of ipp^ipp,, in Qpj^[[S'!j,T : i < e]] is equal the foUowing series (that, 
by (|28|) . is convergent in the topology given by the maximal ideal of this ring): 



^ \7l—l 



(-1)"-! ^0p,(i + r) _^ 



n V (1 + 

Pk 

We call V'o tbis series. 

We have then that -0g has coefficients in QflZp^. — ^(pj.), and is the same for all 
fc = 1, . . . , d. Hence, ipQ has coefficients in Z^y) and represents the family i'4'pk'4'pk) ■ 
Further, ipQ satisfies the condition (pS)) because 

V'g(S^(ri,r2)) = -fnf=i(i-^)l 0G,„(T)(go(Ti,T2)) 

= -(nti(i-^))(fc„m)+;G„(T2)) 

= ^o^(ri) + ^o^(r2). 

□ 

We now prove that i/"™ (cf- (p7)) ) generates, in an appropriate sense, the space 
of all (5o3-characters of Gm- We also determine which (^y-characters ip can be ana- 
lytically continued along any given Zj-j.) -point P of G„i. 

Theorem 3.4. Let tp be a S^y- character of order r on Gm. Then 

(1) ip can be uniquely written as 

n 

(2) ■)/) can 6e analytically continued along a Ij^yypoint P ofGm if, o,nd only if, 
either P is torsion or p„ = 0. 

Consider the augmentation ideal 

Z(y)[(^T]^ {^/O„0„ G Z(y)[0r] : ^ p„ = 0} . 

n n 

Corollary 3.5. The group of Sy- characters X?p^(Grn) is a free 1i(^y^[(f)'j>]-module 
of rank one with basis ipf^. The group of 5y- characters in Xip'(Gm) that can be 
analytically continued along a given non-torsion point P of Gm is isomorphic with 
the augmentation ideal Z(g))[033]+ as a 7i(^y^[(t>y]-module. This group is the same for 
all non-torsion Ps. 

Proof of Theorem 13.41 Let ipo be the series representing ip. We first prove the 
following: 

Claim 1. There is an equality 

V'O = Cn(j)n)l{T) 
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jrpT : i < r]] with c„ G Q. 

Indeed let e{T) e Q[[r]] be the compositional inverse of 1{T). Then the 
series 

e{...,Sfp{T),...) :=V'o(...,4(e(T)),...) 

satisfies 

e(. . . , + T2), . . .) - e(. . . , s'rpTi, . . .) + e(. . . , sipn, ...). 

As in the proof of Proposition 13. 11 wc conclude that O = Cn(f>n{T), with 
c„ G Q, which finishes the proof of the claim. 

By Claim 1, by setting J^T — for i ^ 0, we obtain 

(^C„0„)*Z(T)eZ(y)[[T]], 

where (j)^irT :^ T". 
Claim 2. If a polynomial A = ^ A„(/)„ £ Q[0pi , • ■ • j 0p,] satisfies 

A*/(T) eZpJ[r]]®Q 

for some £ {1, . . . , s}, then A is divisible in the ring Q[(j)p-^ , ■ ■ ■ , (pp^] by 

Indeed, let us divide A by 0^^. — pk in (Q)[0pi , . . . , to obtain 

A = (^a„0„)((/)pj^ -pfe) +^ /?„(/)„ , 

where a„,/3„ G Q and f3n — if We analyze the remainder term, and 
prove that it is identically zero by showing that /?„ = for all n. 

Since (0p, -~ pk) 1{T) € ZpJ[T]], it follows that {Y.Mn)i'l{T) £ 
Zp, [[T]] (g) Q. We may assume (f] * 1{T) E Zp, [[T]]. We have that 

(29) ij2 Mn) * ?(T) = E E(-i)™"'/5«^ • 

n 'm 

Let us fix integers n' > 1. By looking at the coefficient of T" in 
([29]) . we obtain that 

Ti|n' 

because the equality nm — n'p'^ with n ^ mod p^ implies m = /^P^, 
/i G Z, n/i = n'; so n|n' and rn = — p^. Since n is odd for /3„ ^ 0, it follows 
that 

n|n' 

and since this is true for all we obtain that 

E«/3n =0. 
n\n' 

But this is true for all n' . By the Mobius' inversion formula, we conclude 
that Pn — for all n. This completes the proof of Claim 2. 
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By Claim 2, it follows that 

for some pn G Q. By induction on n, it is then easy to check that p„ £ Z(j>) for all 
n. This completes the proof of the first assertion (1) in the statement. 

In order to prove assertion (2), let r : be the translation defined by 

the inverse of P, and let r* be the automorphism defined by r on the various rings 
of functions. Since i) G 0^ rp(Gm), we have that T*ip G Op ^(Gm). But if ip — (ipk) 
then T*^k = "ipk — "ipkiPk) for all k; cf. the notation in Definition 12.311 Now, if P 
is torsion or if J2n Pn = 0; it is then clear that ipkiPk) = 0. So t*?/'^ = ipk, hence 

^ G 0^;p(G„). 

Conversely, let P be non-torsion and given by a number a G Z^^^^. Let J^n ^ 
0, and assume ip G Opy(Gm). We derive a contradiction. For let p = pi and 
6 := flP"^ G 1 -t-pZ(p), so & 7^ 1. By Mahler's p-adic analogue of the Hermite- 
Lindeniann theorem [20j[T], we have that log (6) ^ Q (where log : 1 +p'Ep p'Zp is 
the p-adic logarithm). Since T*ip G Opy(Gm) and G Oprp(Gm), it follows that 
T*tp -tp& Opy(Gm). But T*ip - ip ^ {~tpk{a)) so, in particular, tpi{b) G Q. But 



V'i(6)--(Ep")-n(i--)-i°g^; 



cf. the proof of Theorem 13.31 Since X^n Pn it follows that logfe G Q, reaching 
the desired contradiction. □ 
The next result computes the group of solutions of the (Jy-character ipf^ (|27)) . 



Theorem 3.6. Let A be the 5y-ring Z(33)[Cm] in Examvle 12.61 and let ip'f^ ■ 
G„i{A'p) = j4y — > A'p be the homomorphism / [26)] induced by ip'^. Then 

KerV-^.A = (^^)tors- 

In the statement above, we use the notation Ttors to denote the torsion group of 
an abelian group F. 

Proof. The non-trivial inclusion is "C." Let us take Q = [Qk] G Ker?/;^ ^ so 

(30) i^pAi^pAQk)) = o 

for aU k. Here Qfc G A^*' = A-^*"! x A'^''^ x • • ■ , where pk = PkiPk2 • • ■ is the prime 
decomposition of pfcA. In order to show that Q is torsion, we may replace Q by any 
of its powers. So we may assume that Qfc G 1 -\- pkA^'' for all k. Then ([50)1 gives 



We claim that the map 



AP" AP" 

is injective for all k, I. Using this claim, we conclude that lu^iQk — 1) = 0, which 
implies that Qfe = 1 by the injectivity of /g„ : PkA^'' pkA^'' , and finishes the 
proof of the Theorem. 
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In order to prove the claim, let us assume that {<j)p, — pi)P — 0. We also have 
that 0^f/3 = 13, M := [Q(C™) : Q]. Since the polynomials <j>p^ -Pu^'p, - 1 G Q[0p,] 
are coprime, it follows that f3 — 0, as desired. □ 

3.3. Elliptic curves. Let E be an elliptic curve over Q. We assume that E has 
minimal model over Z given by 

+ cixy + csy = + C2X^ + c^x + cq . 

We assume further that the discriminant of E is not divisible by any of the primes 
in y, and view E as an elliptic curve (smooth projective group scheme) over 
Then the zero section is uniform, with uniform coordinate T = Let S*' G 
Z(y) [[Ti, r2]] be the formal group law attached to E with respect to T, and let 
h e Q[[T]] be the logarithm of 3°. So 

Ie{T) ^Y.^,,— , 

where 

y 6„T"-idr . 

2y + cix + C3 ^ 

Let flpj. G Z be the trace of the pfe-power Frobenius on the reduction mod pk of 
E. By dini) and [7l, Theorem 1.10, there exists 

whose image via 
equals 

^(•/"pfc -ap^(t>Pk +Pk)lE{T). 
On the other hand, we may consider the element 

^^^^ ^= n ( 1 - (— ) ) e ZpJ'/'P, : ^ e h] , 

where Ik — {1, . . ■ ,d}\{fc}. Let us still denote by V-'pt the image of -0^^. via the 
homomorphism 

induced by (|20p . Then, we may consider the family 

d 

fc=l 

Theorem 3.7. The family (ippi^ipp^.) is a Sf- character of order 2e on E. 
We denote this Jy-character by 

(31) 4'feXl^iE). 

Proof. As in the proof of Theorem 13.31 the image of ipp^, ipp^. in the ring 

Qp.mT; t<2e]] 
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is equal to the series 



' pi \pi 



which is independent of k and has coefficients in Z(p^). Also, as in loc.cit. we have 
that 

□ 

As in the case of the multiplicative group we now have the following. 

Theorem 3.8. Let us assume that the elliptic curve E has ordinary (good) reduc- 
tion at all the primes in 7. Let ip be a S'j' -character of order r on E. Then 

(1) Ip can he uniquely written as 

n 

(2) can be analytically continued along a 'Z,(^yy point P of E if, and only if 
either P is torsion or p„ = 0. 

Corollary 3.9. The group of 5y- characters XS^(£^) is a free 'L(^y'^[(f>y]-module of 
rank one with basis ip'^ ■ The group of S'y- characters in Xjp^(_B) that can be ana- 
lytically continued along a given non-torsion point P of E is isomorphic with the 
augmentation ideal Z(33)[033]+ as a 'L(y-^[(l)y\-module. This group is the same for all 
non-torsion Ps. 

Proof of Theorem 13.81 Proceeding as in the proof of Theorem 13.41 if -00 is the 
series representing ip, then the following claim holds: 
Claim 1. There is an equality 

■00 = Cn'Pn)lE{T) 

in Q[[S'yT ; i < r]] with c„ € Q. 
By Claim 1, we obtain that 

(^c„0„)*;£(T) eZ(j)[[T]]. 

We also have the following: 
Claim 2. If a polynomial A = ^ A„0„ G Q[4>pi j • ■ • j 0Pd] satisfies 

AirlsiT) eZp,[[T]](»Q 
for some k G {1, . . . , c?}, then A is divisible in the ring Q[(pp-^ i ■ • ■ i (ppd] by 

Indeed, by the fact that E has ordinary reduction at pk, we may consider 
the unique root UkPk oi — ap^x-\~pk in pk'^p^. Since this root is not in Q, 
it is enough to prove that A is divisible in Qp^. [(pp-^ , • ■ • , (ppA by (pp^ ~ UkPk- 
Let 

L{E, s) = ^ anu"" 
be the L-function of E. Let 

n 
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As a consequence of the Euler product structure of L{E, s), it follows that 

(32) i^p,-UkPk)*fEiT)eZp,[[T]], 

cf. [14 , p. 441. By the Honda-Hill Theorem [15|, p. 76, there exists a series 

h{T) = TH G Z[[T]] such that /^(T) = lE{h{T)). By the Functional 

Equation Lemma |15j . p. 74, 

(0P. -UfcPfc)*;£(T)eZpJ[T]]. 

Now, as in the proof of Theorem [331 'we divide A by 4>p^. — u^Pk in the ring 
QpJ^!)p,,...,(/)pJ, to obtain 

with a„,/3„ 6 Qpfcj /^n — for Pk\n, and proceed to analyze the remainder. 

By dill), we get {J2 Mn) ^Ie{T) G Ip, [[T]] ® Q. We claim that /3„ = 
for aU n. We may assume I3n(l>n) *Ie{T) G Zp^ [[T]]. We have 

rpnm 

(33) (5]/?„0„)*/i;(T) = ^^a™/3„^. 

n m 

Fix integers n' > 1. As in the proof of Theorem 13. 4[ we get 

/nnPn G Pk'^Pk ■ 

n\n' 

Assume n|n' and n' ^ mod pfe. Then ap>^„//„ = api^ji^i j^. Since i? has 
ordinary reduction at pk , we have that a^j^ ^ mod pk ■ We conclude that 

^ a„//„n/3„ G PfcZpj^ . 

Since is arbitrary, we get 

^ a„//„n/3„ = . 

n\n' 

Since this is true for any n' ^ mod pk , we get that the following product 
of formal Dirichlet series with coefficients in Qpj. vanishes: 

We conclude that /3„ = for all n, which complcts the proof of Claim 2. 

^From this point on, we may proceed as in the proof of Theorem 13.41 to derive 
assertion (1). Assertion (2) can be proved exactly as in the case of Theorem 13.41 
Instead of Mahler's theorem [SOj, we now need to use that Ie{c) ^ Q for any 
7^ c G pZ(^p), and the latter follows by Bertrand's elliptic p-adic analogue of the 
Hermite-Lindemann theorem [T] . □ 

In the next result, we compute the group of solutions of the (Jy-character V'lf 
given by (PT|) . 

Theorem 3.10. Let A be the S-p-ring Z(gj)[Cm] in Examvle 12.61 and let ■(/'If a ■ 
E{Ay) — > Ay he the homomorphisra i f 2 6)] induced by "01? • Then 

KerV'l^ = E{A-p)tors ■ 
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This can be viewed as a version for several primes of the arithmetic analogue [7] 
of Manin's Theorem of the Kernel [21] . 

Proof. We use the same argument as in the proof of Theorem 13.61 We use here 
the fact that the polynomials — ap,4>p, + Pi,(t>^^ — 1 G Q[0p,] are coprime. □ 



4. Final Remarks and Questions 

We see an emerging pattern from the construction of (Jy-characters in the previ- 
ous section. It can be best explained via the following: 

Definition 4.1. Let X be a quasi-projective smooth scheme over Z(3)) with ir- 
reducible geometric fibers, and let T = {pi, . . . ,pd} be a finite set of primes not 
dividing N . Let P be a uniform point of X . A (Jy-function 

/ = (/fe) e O'pAX) 
will be said to have a Dirac decomposition if there exists a family 

d 
k=l 

s € Z+, and a family 

d 

k=l 

Ik :={!,..., d}\{pk}, Pk = y\Pk, such that fk = Vp^Vpk for all k. 
Then the following remarks arc in order: 

Remark 4.2. Any i5gj-character of Ga, Gm, E (where E is an elliptic curve over 
Z(jj)) has a Dirac decomposition. □ 

Remark 4.3. Let X be a projective curve over Z(g)) of genus > 2 with a uni- 
form point P. Can we always find Jy- functions on X not belonging to Zj-yj? 
In other words, do we have Oprp(X) ^ Zj-yj? (Note that by |6j we always have 
0(3jp^j(X)P'=) 7^ Zp^ for each fc.) Can we always find a <5j-function in Op y(X)\Z(g)) 
which has a Dirac decomposition? By Theorem 13. 71 the answer to the last question 
is positive if X has a morphism to an elliptic curve over Zj-yj; by Eichlcr-Shimura, 
this is always the case for appropriate Js and X a modular curve of sufficiently 
high level. □ 

Remark 4.4. Let X = Spec Z[l/6] [04,05, (4a| + 27a^)^i]. The theory of differen- 
tial modular forms in the ODE setting [51 [3] is, essentially, the study of some re- 
markable elements of the rings 0{2^^p^^{Xy'') satisfying certain homogeneity prop- 
erties. We may ask, in the arithmetic PDE setting, for the existence and structure 
of -modular forms defined as (Sy-functions on X with appropriate homogeneity 
properties. Some such forms can be constructed via Dirac decompositions, using 
Remark 14.31 above. □ 



Remark 4.5. The construction of non-trivial (5y-characters on one dimensional 
groups via Dirac decompositions is a consequence of the fact that the "ring of 
symbols," Z(3J)[(^aj], is a commutative integral domain. Indeed, the key property 
used to construct Dirac decompositions is that 
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For any collection of non-zero elements Qi,...,Qd in Z^j) [(/ly], 
(*) there exist elements Ai, . . . , in Z^y) such that A181 — ■ ■ ■ = 
AdQd ^ 0. 

This property is trivially true in any commutative integral domain. 
Now, we can ask for a generalization of the theory of the present paper in two 
possible directions: 

(a) arithmetic PDEs in O + d independent variables (d > 2), and ^3 > 2 depen- 
dent variables (corresponding to commutative algebraic groups of dimension 
>2); 

(b) arithmetic PDEs in 1 -I- d independent variables (d > 2) and ds = 1 depen- 
dent variables (corresponding to Ga, <Gm, E). 

However, in both cases, (a) and (b), the "rings of symbols" are non-commutative 
and, in case (a), the corresponding ring has zero divisors. Indeed, in case (a) the 
"ring of symbols" turns out to be the ring of da x da matrices with coefficients in 
Z(y)[(/)g)]. In case (b), the "ring of symbols" turns out to be the ring Z(y) [i5q , 
generated by variables 5q,4>p^, ...,4>p^ with the 4)p^s commuting with each other, 
and with 5q(j)p^ = pk ■ 4>Pk^q all k; cf. [TD] for the case d = 1. 

In both cases, (a) and (b), property (*) fails for the corresponding rings of sym- 
bols (and for the elements in those rings that are relevant to our problem) so the 
construction of characters with Dirac decompositions fails as it is. An interest- 
ing problem would then be to determine all the characters in cases (a) and (b) 
respectively. □ 
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